Introduction
Consider a finite group G. For g 2 G, let g G denote the conjugacy class of G containing g, and jg G j its size. The centralizer of g in G is denoted by C G .g/. Put N.G/ D ¹n W there exists g 2 G with jg G j D nº. In 1987 Thompson posed the following conjecture concerning N.G/.
Thompson's Conjecture (see [11, Question 12.38] ). If L is a finite simple nonabelian group, G is a finite group with trivial center, and N.G/ D N.L/, then G ' L.
Thompson's conjecture was proved valid for many finite simple groups of Lie type (see [1] [2] [3] ) and for all sporadic finite simple groups (see [7] ). Denote the alternating group of degree n by Alt n and the symmetric group of degree n by Sym n . Alavi and Daneshkhah proved that the groups Alt n with n D p, n D p C 1, and n D p C 2 for prime p 5 are characterized by N.G/ (see [4] ). Thompson's conjecture has recently been confirmed for Alt 10 ; Alt 16 , and Alt 22 (see [8, 12, 13] ).
Here is our main result. Lemma 2.5. Given a finite group G, if there exists a prime p 2 .G/ such that p 2 does not divide jx G j for all x in G, then the Sylow p-subgroups of G are abelian.
Proof. This is proved in the same way as [12, Lemma 4] .
Given a finite set of positive integers ‚, we define .‚/ to be the directed graph with vertex set ‚ and with edges E ab whenever a divides b. Denote by h.‚/ the maximal length of a path in .‚/. Put .G/ D .N.G//. Take V i 2 ¹Alt i ; Sym i º and a finite solvable group G with N.G/ D N.V n /, where n 5 if V n ' Alt n and n 23 if V n ' Sym n . Put D ¹t W n=2 < t Ä n; t is a primeº and denote the largest number in by p. Lemma 2.1 implies that .G/ Ã .V n /, in particular, Â .G/. Lemma 2.6. If n > 1361, then j j > log 2 .nŠ=pŠ/, Proof. Denote by .x/ the number of primes less than or equal to x. From [6, Section 35, §1] it follows that 0; 9 .x=ln.x// < .x/ < x=ln.x/ for 10 < x. Hence
It is proved in [5] that n p < n 0;525 . These assertions establish the claim for n 1000000. For 1361 Ä n < 1000000 we use GAP [14] to complete the verification. The lemma is proved.
Lemma 2.7. Suppose that˛2 N.G/ and t 2 such that t 6 2 .˛/. Then either D jV n j=.tjC j/ or˛D jV n j=.jV t Ci jjBj/, where C D C V n t .g/ for g 2 V n t and B D C V n t i .h/ for t C i Ä n for h 2 V n t i moving n t i points.
Proof. Let H D V n , g 2 H , and jg H j D˛, and suppose that g moves k points.
where B D C V n t i .g/ for g 2 V n t i such that g moves n t i pointsº:
Observe that the definitions of the setsˆand ‰ do not assume that t is a prime.
Lemma 2.8. The following claims hold:
Proof. By definition, h.‰ t / Ä P i 2¹1;:::;n t º h.R i /, where
and g moves i pointsº:
Using this inequality and calculations by GAP [14] we obtain the required bounds on h.‰ t /. The lemma is proved.
I. B. Gorshkov
Lemma 2.9. Assume that G is a solvable group. Then the Hall -subgroups of G are abelian.
Proof. By Lemma 2.5, the Sylow t-subgroups of G are abelian for all t 2 . Suppose that a Hall -subgroup of G is not abelian. Then there exists ¹t i ; t j º such that a Hall ¹t i ; t j º-subgroup H of G is not abelian. Take a maximal subgroup R < G such that R is normal and H D HR=R is not abelian. Then G D G=R contains a normal abelian t -subgroup T , with t 2 ¹t 1 ; t 2 º, such that there exists an element g 2 G such that jgj 2 ¹t 1 ; t 2 º n ¹t º and OET; g ¤ 1. Lemma 2.4 yields T D C T .g/ jOET; gj. We deduce that jgj divides jOET; gj 1. However, jgj does not divide t 1; therefore, jOET; gj > t. Lemma 2.2 implies that jg G j t > t and t 2 divides some element of N.G/, which is a contradiction. The lemma is proved.
Lemma 2.10. Assume that G is solvable. If there exists a prime r with p C 1 < 2r Ä n, then a Hall ¹rº [ -subgroup is isomorphic to the direct product T R, where T is a Hall -subgroup and R is a Sylow r-subgroup. In particular, if g 2 T , then jg G j is not divisible by r.
Proof. This is similar to Lemma 2.9.
Lemma 2.11. Assume that G is solvable. Let T be a Hall -subgroup of G and let
Proof. Assume that j j > h.‚/. By Lemma 2.9 the Hall -subgroups of G are abelian. For the minimal element t 1 of , take g 1 2 T with jg 1 j D t 1 . There exists an element r 1 2 C G .g 1 / with jr G 1 j 2ˆt 1 such that C G .r 1 / \ T is a Hall -subgroup of C G .r 1 /. We have n ¹t 1 º Â .jr G 1 j/, in particular the minimal element t 2 of n ¹t 1 º divides jr G 1 j. Hence, there exists an element g 2 2 T with
Repeating this procedure j j times we obtain a set † D ¹g 1 ; g 1 g 2 ; g 1 g 2 g 3 ; : : : ; g 1 g 2 g j j º such that jg
3 Proof of the main theorem Lemma 3.1. If n > 1361, then G is non-solvable.
Proof. Assume that G is a solvable group. Take a Hall -subgroup T of G. Using Lemmas 2.7 and 2.9, we see that jg G j 2 ‰ p for all g 2 T . Let us show that j j > h.‰ p /. Take h 1 ; : :
we have h.‰ p / Ä log 2 .nŠ=pŠ/. Lemma 2.6 yields j j > log 2 .nŠ=p/Š h.‰ p /. Lemma 2.11 implies that G is non-solvable, which is a contradiction. The lemma is proved. Lemma 3.2. If 22 < n Ä 1361, then G is non-solvable.
Proof. Assume that G is a solvable group. Take a Hall -subgroup T of G. Using Lemmas 2.7 and 2.9, we see that jg G j 2 ‰ p for all g 2 T . Lemma 2.10 implies that jg G j is not divisible by r, where g 2 T and pC1 < 2r Ä n, while r is a prime. Hence, we have jg G j D jV n j=.V 2rCi jC j/ 2 ‰ 2r , where 0 Ä i Ä n 2r C 2, and C D C V n 2r i .g/ , where g 2 V n t i and 0 Ä i Ä n 2r C 2. Take ‚ to be the set ¹jg G W g 2 T º. Combining Lemmas 2.8 and 2.11 with calculations by GAP [14] , we get a contradiction. The lemma is proved. Proof. The assertion follows from [4, 8, 12] .
The proof of the theorem is complete.
